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!'D vpdoo vdpsoh fruuhfwlrq ri wkh whvw iru




Hxurshdq Xqlyhuvlw| Lqvwlwxwh/ Ioruhqfh
Pd| 5333
Devwudfw
Zh ghulyh dq dssur{lpdwlrq wr wkh h{shfwdwlrq ri wkh olnholkrrg udwlr
whvw iru frlqwhjudwlrq lq wkh yhfwru dxwruhjuhvvlyh prgho1 Wkh h{suhvvlrq
ghshqgv rq prphqwv ri ixqfwlrqv ri udqgrp zdon/ zklfk duh wdexodwhg e|
vlpxodwlrq/ dqg ixqfwlrqv ri wkh sdudphwhuv/ zklfk duh hvwlpdwhg1 Iurp
wklv dssur{lpdwlrq zh sursrvh d fruuhfwlrq idfwru zlwk wkh sxusrvh ri
lpsurylqj wkh vpdoo vdpsoh shuirupdqfh ri wkh whvw1 Wkh fruuhfwlrq lv
irxqg h{solflwo| lq d qxpehu ri vlpsoh prghov dqg wkh xvhixoqhvv ri wkh
fruuhfwlrq lv looxvwudwhg e| vrph vlpxodwlrqv h{shulphqwv14 Lqwurgxfwlrq dqg prghov
Lq wkh yhfwru dxwruhjuhvvlyh prgho wkh olnholkrrg udwlr whvw iru frlqwhjudwlrq udqn
lv wkh vr fdoohg wudfh whvw ghulyhg e| wkh whfkqltxh ri uhgxfhg udqn uhjuhvvlrq/
Dqghuvrq +4<84,1 Wkh dv|pswrwlf glvwulexwlrq xqghu wkh dvvxpswlrq ri UE
lv ghulyhg e| Mrkdqvhq +4<;;/ 4<<9, dqg Dkq dqg Uhlqvho +4<<3,1 Wkhuh duh
pdq| vwxglhv wkdw vkrz wkdw iru vpdoo vdpsohv wkh vl}h ri wkh whvw lv qrw zhoo
dssur{lpdwhg e| wkh dv|pswrwlf ydoxh/ vhh iru h{dpsoh Fkhxqj dqg Odl +4<<6,/
Wrgd +4<<8,/ Jrq}dor dqg Slwdudnlv +4<<<,/ dqg Kdxj +4<<9,1 Uhlphuv +4<<5,
sursrvhg d vpdoo vdpsoh fruuhfwlrq edvhg rq ghjuhhv ri iuhhgrp/ dqg Kdqvhq
dqg Udkehn +5333, hpsor| lghdv ri suroh olnholkrrg wr ghulyh fruuhfwlrqv ri
wkh Glfnh| Ixoohu whvw1
Lq wklv sdshu zh sursrvh d fruuhfwlrq idfwru wr wkh olnholkrrg udwlr whvw
zklfk lpsuryhv wkh qlwh vdpsoh surshuwlhv1 Wkh lghd lv wkdw ri wkh Eduwohww
fruuhfwlrq/ vhh Eduwohww +4<6:,1 Eduwohww vxjjhvwhg qglqj dq h{suhvvlrq iru wkh
h{shfwdwlrq ri wkh olnholkrrg udwlr whvw vwdwlvwlf1 E| phdqv ri wklv wkh vwdwlvwlf
lv fruuhfwhg wr kdyh wkh vdph phdq dv wkh olplw glvwulexwlrq/ wkhuhe| lpsurylqj
wkh dssur{lpdwlrq1
Dp r u hs u h f l v hi r u p x o d w l r ql vd vi r o o r z v 1Z ho h wwghqrwh wkh sdudphwhu
dqg zdqw wr whvw wkh k|srwkhvlv ri frlqwhjudwlrq e| wkh olnholkrrg udwlr whvw/
O U 1Z h q gd qh { s u h v v l r qr iw k hi r u p
. wE  2*L}u-'. E AE n A
3￿KEwnc
zkhuh .EA lv wkh h{shfwdwlrq ri wkh OU iru qr frlqwhjudwlrq lq d prgho zlwk
rqh odj1 Lq wkh prghov frqvlghuhg lq wklv sdshu wkh h{shfwdwlrq/ .EAc ghshqgv
rq wkh vdpsoh vl}h/ wkh qxpehu ri frpprq wuhqgv/ dqg wkh w|sh ri ghwhuplqlvwlf
whupv lq wkh prgho/ exw qrw rq wkh sdudphwhuv1 Ohw .E4 ' *4A<" .EA eh




nA3 ￿K E 	 w
'
 2*L}u-
@EAE n A 3￿KE	 w
c
zklfk/ dw ohdvw wr wkh rughu A 3￿c kdv wkh vdph phdq dv wkh olplw glvwulex0
wlrq/ dqg khqfh suhvxpdeo| kdv ehwwhu qlwh vdpsoh surshuwlhv1 Khuh @EA'
. E A  *.E4 Lq wklv sdshu zh ghulyh dq dqdo|wlf h{suhvvlrq iru KEw dqg ghulyh
e| vlpxodwlrq dq h{suhvvlrq iru @EA1
Wkh glvwulexwlrq ri wkh olnholkrrg udwlr whvw vwdwlvwlf ghshqgv rq vdpsoh
vl}h/ Ac dqg sdudphwhu/ w Iru A $4wkh olplw lv qrw dssurdfkhg xqlirupo|
4lq wkh sdudphwhu/ vlqfh wkh frqyhujhqfh lv vorz li w lv forvh wr d erxqgdu|
srlqw zkhuh wkh frlqwhjudwlqj surshuwlhv fkdqjh1 Wklv qrq0xqliruplw| lq wkh
sdudphwhu fdxvhv wkh dssur{lpdwlrq wr eh srru lq fhuwdlq duhdv ri wkh sdudphwhu
vsdfh/ vhh Qlhovhq +4<<:e, iru d glvfxvvlrq1 Lq vrph h{dpsohv zkhuh zh fdq
fdofxodwh wkh fruuhfwlrq whup zh fdq txdqwli| wklv skhqrphqrq1
Lq pdq| vlwxdwlrqv lq fodvvlfdo vwdwlvwlfv zlwk l1l1g1 revhuydwlrqv wkh Eduwohww
fruuhfwlrq jlyhv d uhpdundeoh lpsuryhphqw ri wkh w/ vhh Eduwohww +4<6:, dqg
Odzoh| +4<89,/ exw lq wkh xqlw urrw fdvh zh vkrxog qrw h{shfw dv pxfk/ vhh
Mhqvhq dqg Zrrg +4<<8, dqg Eudyr +4<<;,/ hyhq wkrxjk Qlhovhq +4<<:d, vkrzv
wkdw rqh lq sudfwlfh fdq jhw d ehwwhu w1
Wkh uhvw ri wklv vhfwlrq ghqhv wkh prghov dqg wkh qh{w vhfwlrq jlyhv wkh
pdlq uhvxow iru wkh dssur{lpdwlrq ri wkh h{shfwdwlrq ri wkh olnholkrrg udwlr
whvw dqg wkh sursrvhg fruuhfwlrq idfwru1 Vhfwlrq 6 frqwdlqv vrph vlpsoh prghov
zkhuh wkh fruuhfwlrq fdq eh zrunhg rxw h{solflwo| dqg wkh uhvxowv duh looxvwudwhg
e| vlpxodwlrq1 Lq Vhfwlrq 7 zh glvfxvv wkh fdofxodwlrq ri wkh frh!flhqwv qhhghg
iru wkh fruuhfwlrq idfwru1 Lq Vhfwlrq 8 wkh pdlq vwhsv ri wkh surri duh jlyhq/ exw
prvw ghwdlov duh uhihuuhg wr dq Dsshqgl{1
414 Wkh prghov
Zh zrun wkurxjkrxw zlwk wkh dxwruhjuhvvlyh prgho P￿ iru wkh ?glphqvlrqdo
surfhvv f|c|' ccA ghqhg e|
P￿ G{ f |' f | 3 ￿nC ( |n
&3 ￿ [
￿ ’￿
K￿{f|3￿ nx _ |n0 |c +4,
zkhuh wkh huuruv 0| duh l1l1g1 ?Efcl dqg wkh lqlwldo frqglwlrqv duh {hg1 Zh
frqvlghu wkh ghwhuplqlvwlf whupv (| ' |?_ dqg x_| '
S?_3￿
￿’f x￿|￿ Wkh sdudp0
hwhuv / K￿ccK &3￿c duh E?  ?c x lv E?  ?_c dqg C +?  1W k h q x o o




Xqghu wkh qxoo k|srwkhvlv wkh prgho lv
P2 G{ f |'k E q
￿f | 3 ￿n4
￿|
? _n
& 3 ￿ [
￿ ’￿
K￿{f|3￿ nx _ |n0 |c +5,
zkhuh doo sdudphwhuv duh xquhvwulfwhg/ exw qrz k dqg q duh E?o dqg 4 lv +o
W k hp r g h o vz hj h wi r u? _'f c cdqg shukdsv hyhq ?_ '2 cd u hx v h gl qs u d f w l f h
5d q gw k hq r w d w l r ql vf k r v h qw rf r y h uv x f kf d v h v 1W k h v hp r g h o vf r u u h v s r q gw rw k h
wuhqg |?_ ehlqj uhvwulfwhg wr wkh frlqwhjudwlrq vsdfh1 Zh irupxodwh wkh pdlq
uhvxow lq Wkhruhp 4 derxw .d2*L}u-EP2mP￿o wr fryhu wkh fdvh ri (| 'f c
+ru C'f vxfk wkdw zh rqo| whvw 'kq
￿ Zh zloo lpsohphqw wkh fruuhfwlrq
rqo| lq wkh fdvh (| ' |?_
Ri sduwlfxodu lqwhuhvw lv wkh k|srwkhvlv 'fdqg C'f clq wkh prgho
zlwk rqo| rqh odj
{f| ' f | 3 ￿nC |
? _ nx _ |n0 |c
zklfk jlyhv wkh Glfnh| Ixoohu whvw lq ? glphqvlrqv1 Wkh h{shfwhg olnholkrrg
udwlr whvw vwdwlvwlf lv




￿ %￿ %￿_￿ %0￿_moc +6,
z k h u hz hk d y hx v h gw k hs u r g x f wp r p h q wq r w d w l r q

























dqg zkhuh EL|mT| ghqrwhv wkh uhvlgxdov ri d uhjuhvvlrq ri L| rq T| Wkh glv0
wulexwlrq lq +6, grhv qrw lqyroyh dq| sdudphwhuv exw rqo| vdpsoh vl}h A dqg
glphqvlrqv ? dqg ?_1 Wkh h{dfw dqdo|wlf h{suhvvlrq iru .EAc?c?_ lv gl!fxow/
vhh Oduvvrq +4<<;d/4<<;e,/ Qlhovhq +4<<:d,/ dqg Dedglu/ Kdgul dqg W}dydolv
+4<<<,/ dqg zh sursrvh wr wdexodwh lw dv d ixqfwlrq ri Ac?c dqg ?_c dqg dsso|
lw dv qrupdol}dwlrq lq wkh fruuhfwlrq idfwru1
5 Wkh pdlq uhvxow
Lq rughu wr irupxodwh wkh uhvxowv zh qhhg d qrwdwlrq iru vrph ixqfwlrqv ri wkh
sdudphwhuv dqg vrph surgxfw prphqw pdwulfhv ghulyhg iurp d udqgrp zdon1
514 Sdudphwhu ixqfwlrqv




6fruuhfwhg iru lwv phdq1 Wkhq t| lv d vwdwlrqdu| DU+4, surfhvv ri glphqvlrq
?+ ' o nE &?c jlyhq e|
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3 ￿0 | +9,
ri glphqvlrq ?￿ ' oc vxfk wkdw E￿
|cL￿
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 E  ' FryEt|ct |n￿' P  ￿ ￿ '  ￿ E  n wE  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+:,
Zh ghqh wkh orqj0uxq frh!flhqwv
w '
S"




￿’f ￿ 'E U ? + 3 ￿' l k zE k ￿
zl k z 3￿
2/
7dqg qg wkh orqj0uxq yduldqfhv ww
￿ dqg 
￿ ri tw| dqg t￿| uhvshfwlyho|1 Ohw
Tw ' ww
￿P3￿ 'E U ? + 3 ￿'kEk￿l3￿k3￿k￿'￿EU?+   ￿3￿P3￿c
T￿ ' 
￿P3￿ 'E U ? + 3 ￿' l k zE k ￿
zl k z 3 ￿k ￿
zl ' ￿E U ? + ￿ 3 ￿P 3 ￿
+;,














3 ￿ ￿ +<,
515 Surgxfw prphqwv ri udqgrp zdonv
Zh ghqh wkh h{whqghg surfhvv | ri glphqvlrq ?@ ' ?  o n
 | 3 ￿'








dqg iru wkh fdvh (| 'fzh ghqh |3￿ '
S|3￿
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Zh wkhq irupxodwh wkh pdlq uhvxow derxw dq dssur{lpdwlrq ri wkh h{shfwdwlrq
ri wkh orj olnholkrrg udwlr whvw1
Wkhruhp 4 Wkh h{shfwdwlrq ri wkh whvw iru 'kq
￿cC'k4￿ zkhq (| ' |?_c
+ru 'kq
￿ li (| 'f lq prgho +4, kdv wkh h{sdqvlrq
.d2orju-EP2mP￿o





￿P3￿j n |oi￿j|oiU?+  ww
￿P3￿ 
￿P3￿j
n2A 3￿E|oi.d￿oT j? _|oi.d￿o
￿P3￿j
nA 3￿|oi.de  2D nE ?o  So 
￿P 3 ￿j 
Khuh wkh prphqwv ￿ dqg ￿￿ duh jlyhq lq +43, dqg +44, dqg wkh frh!0
flhqwv wccPcT duh irxqg lq +:,/ +;,/ dqg +<,1
8Wkh surri zloo eh jlyhq lq wkh Dsshqgl{1 Zh kdyh xvhg wkh qrwdwlrq
￿ ' wr
lqglfdwh wkdw zh kdyh nhsw whupv ri rughu A 3￿1
Zh qh{w dsso| wklv wr wkh vlwxdwlrq (| ' |?_c zkhuh wkh uvw whup grhv qrw
ghshqg rq dq| sdudphwhuv dqg zh ghqh wkh frh!flhqwv .EAc?Kc? _c@E Ac?Kc? _c
dqg E?Kc? _e|




@EAc?Kc? _'. E Ac?Kc? _*.E4c? Kc? _






D frqvhtxhqfh ri Wkhruhp 4 lv wkh iroorzlqj fruroodu| zklfk lpsohphqwv
wkh dssur{lpdwlrq wr d fruuhfwlrq idfwru iru wkh olnholkrrg udwlr whvw
Fruroodu| 5 Wkh fruuhfwlrq idfwru iru wkh whvw ri P2 lq P￿c wkdw lv/ wkh whvw
iru frlqwhjudwlqj udqn o lq wkh yhfwru dxwruhjuhvvlyh prgho +4, zlwk (| ' |?_




dS￿ n iE?  oS2 n2 E S ￿? _S ￿ j
E ?o
E ?o 2o
Wkh frh!flhqw @EAc?oc?_ lv zhoo dssur{lpdwhg e|
@EAc?oc?_'nf  eDA
3￿E?  on  2 A
3 2E ?o
2
dqg dssur{lpdwlrqv ri E?oc ?_ duh jlyhq lq Wdeoh 4 iru ?_ 'f c c2 Ilqdoo|
S￿ ' |oiT￿j ' |oiEU?+  3￿'lkzEk￿
zlkz3￿k￿
zl'￿EU?+   ￿3￿P3￿jc
S2 ' |oiU?+  EU?+  3￿'l'￿EU?+   ￿3￿P3￿jc
S￿ ' |oiT j ' |oidEU?+  T￿ 
 odU?2
+   
 o3￿j n |oiT￿EU?+ n 3￿j
Wkh ixqfwlrqv ri wkh sdudphwhuv duh ghvfulehg lq Vhfwlrq 5141
Surri1 Zh qg iurp +65, dqg +66, ri Ohppd 7 lq wkh Dsshqgl{/ wkdw
*4A<" .EAc?Kc? _'6 ￿E ? Kc? _c
*4A<" .d|oi￿
￿P3￿jo'6 ￿E ? Kc? _?
3￿
K S ￿c
*4A<" .d|oi￿T jo'6 ￿E ? Kc? _?
3￿
K S ￿c
*4A<" .de  2D nE ?o  So'f c
 E ? Kc? _'? K6 ￿E ? Kc? _*6￿E?Kc? _c
9 ?*A +?*A,2
?_ _| (| @EAc?c?_  fff feDf 2ff
33 E ?   f  ebb ffSb f2f
3 f E ?cf feHS fHf ffS
4  | E ?c eSb eD. fS
5 c| | 2 E?c2 2H fS .f2
Wdeoh 4= Vlpsoh dssur{lpdwlrqv ri @EAc?Kc? _dqg E?c?_ iru wkh prgho zlwk
(| ' |?_ Wkh dssur{lpdwlrqv duh irxqg e| wwlqj d fxuyh wr vlpxodwhg ydo0
xhv edvhg xsrq fffff vlpxodwlrqv dqg ydoxhv ri ? ' ccfc? _'f c  c 2 c
dqg A 'D f c ffcDfc2ffcffceffcDffcfff Zh dssur{lpdwh @EAc?Kc? _ e|
.EAc?Kc? _*.Efffc? Kc? _/d q gg h  q h E ? e| +45, iru wkh prgho zlwk qr
ghwhuplqvwlf whupv1
dqg khqfh zlwk ?K ' ?  o
.d2orju-EP2mP￿o
￿ ' .EAc?Kc? _nA3 ￿E 6 ￿E ? Kc? _S ￿n6 ￿E? Kc? _S 2n2 6 ￿E ? Kc? _?
3￿
K ES ￿? _S ￿
￿ '.EAc?Kc? _E n A 3￿ES￿ n E?Kc? _?
32
K E? KS 2n2 E S ￿? _S ￿
' .E4c? Kc? _@EAc?Kc? _E n A3￿ES￿ n E?Kc? _?
32
K E? KS 2n2 E S ￿? _S ￿c
zklfk lv wkh uhvxow jlyhq lq Fruroodu| 51
Wkh pdwul{ dsshdulqj lq wkh frh!flhqw S2 lv wkh udwlr ri wkh orqj0uxq
yduldqfh wr wkh vkruw0uxq yduldqfh ri wkh surfhvv t| Zh gr qrw kdyh dq lqwhu0
suhwdwlrq ri wkh frh!flhqw S￿ Qrwh wkdw wkh sdudphwhuv S￿cS 2c dqg S￿ gr qrw
ghshqg rq ?_c exw rq wkh sdudphwhuv dqg khqfh wkh glphqvlrqv ? dqg o
6 Vrph vshfldo fdvhv
Zh qh{w looxvwudwh wkh uhvxowv lq vrph vshfldo fdvhv/ zkhuh wkh frh!flhqwv fdq
eh zrunhg rxw h{solflwo| dqg zklfk duh frqyhqlhqw iru vlpxodwlrq h{shulphqwv
dqg iru jdlqlqj vrph lqwxlwlrq iru wkh uhvxow1
614 Wkh whvw iru qr frlqwhjudwlrq lq wkh prgho zlwk wzr
odjv
Zh frqvlghu wkh whvw ri 'fdqg C'flq wkh prgho zlwk & '2 c? _ '
:{f| ' f | 3 ￿nK ￿{ f | 3 ￿nC |nxn0 | +46,
zkhuh 0| duh l1l1g1 ?Efclc  dqg K￿ duh ?  ?c C dqg x duh ?  1X q g h u
wkh qxoo k|srwkhvlv wkhuh lv qr frlqwhjudwlrq/ exw sdudphwhuv K￿ dqg xc zklfk
jhqhudwhv d olqhdu wuhqg lq wkh surfhvv Z hf d q q gdv l p s o hh { s u h v v l r qi r uw k h
fruuhfwlrq idfwru/ li zh dvvxph wkdw K￿ ' 1U?c dqg khqfh vhh wkh hhfw ri wkh
vkruw whup g|qdplfv1 Lq wklv fdvh zh kdyh k ' q 'f ck z'q z'U ? cdqg wkdw
t| ' f|  .E{f| lv dxwruhjuhvvlyh zlwk frh!flhqw  ' 1U? dqg ' ' U?c dqg





















￿31cS 2' 2 ?
1
￿ 3 1cS ￿'? E ? n 
1
￿ 3 1
Iurp Fruroodu| 5 zh jhw wkh fruuhfwlrq idfwru zlwk ?+ ' ?c?_ ' c&'2 co'f










Li lqvwhdg _| 'fdqg (| ' cwkdw lv/ ?_ 'f cz h q gw k hf r u u h f w l r qi d f w r u










Vrph vlpxodwlrqv zhuh shuiruphg dqg duh jlyhq lq Wdeoh 5 wr looxvwudwh wkh
xvhixoqhvv ri irupxod +47,1 Wkh GJS kdv ? 'D c'f cC'f cK ￿'1U?cl'
U ?Qrwh wkdw dv 1 whqgv wr 4 wkh vl}h ri wkh whvw lqfuhdvhv wr 4 dqg khqfh
wkh dv|pswrwlf wdeohv iru wkh wudfh whvw duh qrw xvhixo1 Wkh fruuhfwlrq idfwru
pdqdjhv wr fruuhfw wkh vl}h wr d uhdvrqdeoh ohyho iru 1  fSc vd|1 Wkh olplw iru
1 whqglqj wr 4 fruuhvsrqgv wr wkh surfhvv ehlqj UE21I r u1'f  S cd qrplqdo 8(
whvw/ xvlqj wkh dv|pswrwlf fulwlfdo ydoxhv lv lq uhdolw| d ;7( whvw1 Wkh fruuhfwlrq
eulqjv wkh vl}h grzq wr 5(1 Dv wkh vl}h ehfrphv hyhq pruh glvwruwhg wkh
fruuhfwlrq idfwru ryhufruuhfwv gxh wr wkh vlqjxodulw| lq wkh h{suhvvlrq *E1
Wkxv wkh sdudphwulf h{suhvvlrq iru wkh fruuhfwlrq doorzv xv wr glvfxvv zkhq
wkh dssur{lpdwlrq xvlqj wkh dv|pswrwlfv lv xvhixo dqg zkhq wkh fruuhfwlrq lv
qhhghg/ dqg qdoo| zkhq erwk duh xvhohvv1













Wdeoh 5= Lq prgho +46, zlwk A 'D f c?'D /z hv l p x o d w hw k hw h v ww k d w'f cC'
f Wkh qxpehu ri vlpxodwlrqv lv 4313331 Wkh fruuhfwlrq lv fdofxodwhg iurp +47,1
Wkh wdeoh vkrzv wkh vlpxodwhg vl}h ri d qrplqdo 8( whvw xvlqj dv|pswrwlf fulwlfdo
ydoxhv ryhu wkh fruuhfwhg vl}h/ zlwk wkh idfwru lq sduhqwkhvlv1
6 1 5 W k hw h v wi r uu d q nr q hl qw k hp r g h oz l w kr q ho d j
Wkh prgho zlwk & ' co' c? _ ' clv
{f| ' f | 3 ￿nC |nxn0 |c +49,
dqg zh whvw 'kq











vxfk wkdw  'nq
￿ kc' ' q
￿c? + ' cdqg P' YduEqf|'q
￿ l q*E  E n
q











k ￿l 3 ￿kq
￿lq
c
dqg qg wkh frh!flhqwv
S￿ ' 
E2nq￿k￿
q￿k Vc S2 '
2E￿nq￿k￿
q￿k cS ￿ '2
E￿nq￿k￿
q￿k V
Iurp Fruroodu| 5 zh qg wkh fruuhfwlrq idfwru iru whvwlqj o 'lq wkh prgho





q￿k V n i
2E￿nq￿k￿
q￿k E?    2Vj
￿E?3￿c￿￿
E?3￿￿2 o







q￿k iE?    2Vj
￿E?3￿cf￿
E?3￿￿2 o
Zh vhh wkdw wkh irupxod euhdnv grzq li k￿q 'f cdqg wkdw fruuhvsrqgv djdlq wr
f| ehlqj UE2c vhh Mrkdqvhq +4<<9/ Wkhruhp 715,1
<A ' f f





















Wdeoh 6= Whvw iru 'kq
￿c C'k4 lq prgho +49, zlwk A ' f f c?'D co' 1
Wkh hqwulhv vkrz wkh vlpxodwhg vl}h ri d qrplqdo 8( whvw ryhu wkh fruuhfwhg vl}h
dqg wkh idfwru lq sduhqwkhvlv1 Qxpehu ri vlpxodwlrqv lv 431333 dqg wkh GJS
kdv k 'E @ ￿c@ 2cfcfcfc dqg q 'E  cf cf cf cf/d q gl'U D1
A'D f





















Wdeoh 7= Whvw iru 'kq
￿c C'k4 lq prgho +49, zlwk A 'D f c?'D co ' 1
Wkh hqwulhv vkrz wkh vlpxodwhg vl}h ri d qrplqdo 8( whvw ryhu wkh fruuhfwhg vl}h
dqg wkh idfwru lq sduhqwkhvlv1 Qxpehu ri vlpxodwlrqv lv 431333 dqg wkh GJS
kdv k 'E @ ￿c@ 2cfcfcfc dqg q 'E  cf cf cf cf/d q gl'U D1
43Lw lv hdv| wr vhh wkdw lq prgho +49, lw lv hqrxjk wr frqvlghu vlpxodwlrq
h{shulphqwv zlwk l'U ? cq 'E  c f ccf dqg @ 'E @ ￿ c@ 2cfccf Wkxv
Wdeohv 6 dqg 7 vxlwdeo| h{whqghg fryhu doo srvvleoh vlpxodwlrq uhvxowv iru ? '
Dco' 1 Lw lv vhhq wkdw iru @￿ n @2  f  e cwkh irupxod zrunv uhdvrqdeo| zhoo
iru A ' f f cexw iru A 'D f czh qhhg @￿ n @2    f 
616 Wkh Glfnh| Ixoohu whvw iru udqn }hur lq wkh prgho
zlwk n odjv
Zh frqvlghu wkh whvw ri 'fdqg C'flq wkh prgho
{f| ' f | 3 ￿n
& 3 ￿ [
￿ ’￿
K￿{f|3￿ nC |
? _nx _ |n0 | +4:,
Zh fdq hydoxdwh wkh h{shfwdwlrq ri wkh whvw vwdwlvwlf lq wkh vlpsoh fdvh zkhq
K￿ '  'K & 3 ￿ ''fdqg C'f clq zklfk fdvh {f| 'x _ |n0 | clq
rughu wr vhh wkh hhfw ri odj ohqjwk1 Wkh vwdwlrqdu| surfhvv t| lv ri glphqvlrq

















P'T@ oE t |'l
U & 3 ￿c 'U ?
. &3￿c''U ?
e ￿c





















+ S & 3 ￿
￿ ’￿ e￿n￿e￿
￿ &  




&3￿ 'E . & 3 ￿ & 3 ￿'f cdqg wkdw
 ￿' 'E U ?
. ￿
& 3 ￿EU? 
 e￿'E U ?
e ￿ n￿c'f cc&
EU ? +  3￿''U ?
Ecc￿ ' U? 
 
c
44vd|1 Zh qg iru kz ' U? wkdw
T￿ 'E U ? + 3 ￿' l k zE k ￿
zl k z 3 ￿k ￿










dqg khqfh zh jhw S￿ ' ?E&  c dqg vlqfh ?+ ' |oiT￿jc dqg Tw 'f czh qg
S2 'f Ilqdoo| wr qg S￿ zh hydoxdwh
|oidEU?+  T￿ 
 odU?2




￿’f |oidEU?+  T￿ 




￿’f |oiEU?+  T￿ ￿ 
  ￿n￿j '
S"
￿’f |oiEU?+  T￿ ￿j|oi ￿n￿j 'f c
vlqfh |oi ￿n￿j 'f cdqg khqfh




















￿’fE￿E&  2  '? d & 3 ￿
2 o c
wkdw lv/ ? wlphv wkh lqwhjhu sduw ri +&  *2 Wkxv








dE&  ? n id
&  
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Wklv frlqflghv zlwk +47, dqg +48, iru & '2dqg 1 'f c? _ 'f c Iru & '
zh mxvw jhw wkh fruuhfwlrq idfwru rqh @EAc?c?_c fruuhvsrqglqj wr wkh qrupdo0
l}dwlrq rq wkh Glfnh| Ixoohu whvw lq wkh prgho zlwk rqh odj1 Ixuwkhu vlpxodwlrqv/
vhh iru lqvwdqfh Wdeoh 8/ vkrz wkdw dv orqj dv wkh qxpehu ri sdudphwhuv shu
revhuydwlrq/ &?*Ac lv ohvv wkdq 315/ wkh irupxod jlyhv d jrrg dssur{lpdwlrq1
Wkxv iru lqvwdqfh iru ? 'D c&'2 cA 'D fd qrplqdo 8( whvw xvlqj dv|pswrwlf
fulwlfdo ydoxhv lv lq idfw d 6;1;( whvw1 Wkh fruuhfwlrq jlyhv d whvw zlwk vl}h :1<(/
zklfk lv forvh hqrxjk wr wkh 8( zh zdqw/ dqg pxfk ehwwhu wkdq wkh gluhfw xvh
ri wkh dv|pswrwlf wdeohv1
Qrwh wkdw wkh uvw whup ri wkh fruuhfwlrq E n ￿
AE&  ? fruuhvsrqgv
wr pxowlso|lqj wkh olnholkrrg udwlr whvw e| A 3￿EA  E&  ?c zklfk lv wkh
fruuhfwlrq irxqg e| Kdqvhq dqg Udkehn +5333, edvhg rq d suroh olnholkrrg/
zkhuhdv Uhlphuv +4<<5, vxjjhvwhg wr xvh A 3￿EA  &?1

















Wdeoh 8= Whvw iru 'f cC'flq prgho +4:,/ zkhq ? 'Ddqg K￿ 'f 1H q w u l h v
duh vlpxodwhg vl}h ryhu fruuhfwhg vl}h ri d qrplqdo 8( whvw dqg wkh idfwru lq
sduhqwkhvlv1 Wkh fruuhfwlrq lv fdofxodwhg xvlqj +4;,1 Wkh qxpehu ri vlpxodwlrqv
lv 4313331
617 D uhdo olih h{dpsohv
Zh looxvwudwh wkh phwkrgv e| d gdwd vhwv wdnhq iurp Mrkdqvhq +4<<9,1 Zh
frqvlghu wkh Gdqlvk gdwd vhw frqvlvwlqj ri wkh irxu yduldeohv 6| Eorj uhdo P5,/
+| +orj uhdo lqfrph,/ K
| +erqg udwh,/ dqg qdoo| _
| +ghsrvlw udwh, revhuyhg txdu0
whuo| iurp 4<:7=4 wr 4<;:=61 Zh wwhg d prgho zlwk d uhvwulfwhg frqvwdqw whup
dqg vhdvrqdo gxpplhv1
Zh ghflghg lq wkh errn wr wdnh o ' cwr looxvwudwh wkh phwkrgv/ hyhq
wkrxjk wkh wudfh vwdwlvwlf +7<147, zdv ehorz wkh <8( fulwlfdo ydoxh 86175 lq wkh
dv|pswrwlf glvwulexwlrq1 Zh khuh lqyhvwljdwh e| vlpxodwlrq wkh vl}h ri wkh whvwv
zklfk xvh wkh dv|pswrwlf glvwulexwlrq/ dqg wkh hhfw ri dsso|lqj wkh fruuhfwlrq
idfwru1
Lq hdfk vlpxodwlrq zh xvh wkh hvwlpdwhg ydoxhv ri wkh sdudphwhuv iurp
wkh Gdqlvk gdwd wr ghqh wkh gdwd jhqhudwlqj surfhvv1 Zh vlpxodwh 431333
wlph vhulhv zlwk 86 revhuydwlrqv/ zklfk zdv wkh qxpehu ri revhuydwlrqv lq wkh
h{dpsoh1 Wkh surfhvvhv duh vwduwhg dw wkh dfwxdo lqlwldo ydoxhv dqg wr vlpsoli|/
wkh vhdvrqdo gxpplhv kdyh ehhq ohiw rxw1 Lq hdfk vlpxodwlrq zh hvwlpdwh wkh
sdudphwhuv dqg wkh fruuhfwlrq idfwru1
Zh uvw ohw o 'f cdqg khqfh ohdyh rxw wkh sdudphwhuv 	 k dqg 	 q iurp
wkh gdwd jhqhudwlqj surfhvv1 Zh qh{w dvvxph wkdw o 'dqg vlpxodwh wkh
gdwd xvlqj wkh hvwlpdwhg dgmxvwphqw dqg frlqwhjudwlrq yhfwru 	 k dqg 	 q iurp wkh
Gdqlvk gdwd1
Zh frpsduh lq Wdeoh 9 wkh vlpxodwhg <8( txdqwlohv zlwk wkh dv|pswrwlf
rqhv1 Wkh vlpxodwhg duh odujhu wkdq wkh dv|pswrwlf rqhv dqg wklv lv zkdw
46uq 0 ubDIE@r+6 bDIEr6
3 e 86175 941;8 ￿b￿2
S￿￿ E
4 6 671;3 731:< ￿.￿D
e￿￿ E2.
Wdeoh 9= Wkh fruuhfwlrq ri wkh udqn whvw iru wkh Gdqlvk gdwd1 Wkh froxpqv
jlyh wkh udqn dqg frpprq wuhqgv whvwhg/ wkh dv|pswrwlf <8( txdqwlohv dqg wkh
vlpxodwhg rqhv1 Qh{w wkh vlpxodwhg vl}h ryhu wkh fruuhfwhg vl}h ri d qrplqdo 8(
whvw dqg wkh idfwru lq sduhqwkhvlv1
lv fdswxuhg e| wkh fruuhfwlrq idfwru1 Wkhuh vhhpv wr eh yhu| olwwoh vwdwlvwlfdo
hylghqfh ri frlqwhjudwlrq lq wkh Gdqlvk gdwd1
Zh dovr vhh wkdw wkh gluhfw xvh ri wkh dv|pswrwlf wdeohv jlyhv iru wkh whvw
ri o 'f cd 4<( whvw lqvwhdg ri wkh qrplqdo 8( vl}h1 Wkh fruuhfwhg whvw kdv d
vl}h ri 9( whvw1 Iru o 'zh jhw d 4:( whvw lqvwhdg ri 8(/ exw wkh fruuhfwlrq
idfwru eulqjv wkh vl}h grzq wr 7(1
Zkhq zh vlpxodwh wkh GJS zlwk o ' cdqg xvh wkh whvw vwdwlvwlf iru
o 'f / zh qg wkdw d 8( whvw kdv srzhu 9<( dqg d 43( whvw kdv srzhu ;4(1
7 Fdofxodwlrq ri frh!flhqwv lq Wkhruhp 4
Zh kdyh jlyhq lq Vhfwlrq 6 vrph h{dpsohv zkhuh wkh fruuhfwlrq kdv d vlpsoh
h{suhvvlrq1 Zh qh{w glvfxvv wkh jhqhudo h{suhvvlrqv dqg wkhlu fdofxodwlrq1
714 Fdofxodwlrq ri yduldqfh










Wkh pdwul{ wr eh lqyhuwhg deryh fdq eh txlwh odujh E?2
+?2
+c dqg lw lv vrphwlphv
dq dgydqwdjh wr gldjrqdol}h E?+  ?+ dqg xvh d glhuhqw h{suhvvlrq iru wkh










P'g i E g




Iru pdq| vlpsoh h{dpsohv wkh pdwul{  fdqqrw eh gldjrqdol}hg exw qhhg d Mru0
gdq ghfrpsrvlwlrq1 Iru wkh fdvh zkhuh wkh sdudphwhuv duh hvwlpdwhg/ krzhyhu/
wklv kdsshqv zlwk suredelolw| }hur1 Lq jhqhudo  zloo kdyh frpsoh{ hljhqydoxhv
dqg hljhqyhfwruv1
715 Wkh frh!flhqw S4cS 5c dqg S6
Wkh frh!flhqwv S￿ dqg S2 duh fdofxodwhg gluhfwo| iurp wkhlu h{suhvvlrqv lq Fruro0























zl￿'￿EU?+   ￿3￿P3￿ ￿j|oi ￿n￿j
'
S"
￿’f |oiEU  T￿ ￿j|oi ￿n￿j
'
S"
￿’f |oidEU?+  T￿ 
 od ￿ 
  ￿oj
' |oidEU?+  T￿ 
 odU?2
+   
 o3￿j
Htxlydohqwo| zh fdq qg dq h{suhvvlrq lq whupv ri wkh hljhqyhfwruv dqg hljhq0
ydoxhv ri  ' g-g3￿
S"
￿’f |oiEU  T￿ ￿j|oi ￿n￿j
'
S"













zl'￿EU?+   ￿3￿P3￿ 2￿n￿j
' |oiEU?+  T￿EU?+   23￿j ' |oiT￿EU?+ n 3￿jc





















488 Glvfxvvlrq ri wkh sulqflsdo vwhsv lq wkh surri
Wklv vhfwlrq frqwdlqv wkh edvlf lghdv lq wkh hydoxdwlrq ri wkh h{shfwdwlrq ri
wkh olnholkrrg udwlr whvw vwdwlvwlf dqg khqfh wkh lghdv ri wkh surri ri Wkhruhp
41 Zh uvw vkrz wkdw e| lqwurgxflqj d prgho zlwk d vlpsoh k|srwkhvlv rq
wkh frlqwhjudwlqj vsdfh/ zh fdq h{sorlw suhylrxv uhvxowv +Mrkdqvhq 5333, dqg
vlpsoli| wkh ghulydwlrqv1 Wkhq zh lqwurgxfh d frqyhqlhqw uhsdudphwul}dwlrq ri
prgho P￿ dqg xvh lw wr ghulyh dq h{sdqvlrq ri wkh whvw vwdwlvwlf lq Wkhruhp 61
Wkh ghwdlohg hydoxdwlrq ri wkh whupv lq wkh h{sdqvlrq duh ohiw wr wkh Dsshqgl{1
Zh irfxv rq wkh fdvh (| ' |?_c dqg phqwlrq zkhq qhfhvvdu| wkh prglfdwlrqv
iru (| 'f 
Zh ghqh prgho P￿ e| vshfli|lqj wkh frlqwhjudwlrq vsdfh rREq
f ru htxly0




Lq wklv fdvh wkh prgho htxdwlrqv duh
P￿ G{ f |'kEq
f￿f|3￿ n 4
f￿(|n
& 3 ￿ [
￿ ’￿
K￿{f|3￿ nx _ |n0 | +53,
Qrwh wkdw wkh sdudphwhu  fdq eh devruehg lq kc dqg wkdw
P￿ P 2P ￿c
lq wkh vhqvh ri lqfoxvlrq ri sdudphwhu vsdfh1
Wkh whvw iru frlqwhjudwlqj udqn lv wkh whvw ri P2 lq P￿c exw lw lv frqyhqlhqw
wr xvh wkh xvxdo wulfn/ vhh Odzoh| +4<89,/ dqg frpsduh wkh wzr prghov e|
lqwurgxflqj P￿ Ohw w ghqrwh wkh sdudphwhu dqg X￿c X2c dqg X￿ wkh sdudphwhu












.wd2*L}u-EP2mP￿o ' .wd2*L}u-EP￿mP￿o n .wd2*L}u-EP￿mP2o
49Wkh sxusrvh ri wklv h{suhvvlrq lv wkdw zh fdq xvh uhvxowv iru 2*L}u-EP￿mP2
iurp Mrkdqvhq +5333,/ zklfk ghdov zlwk wkh fruuhfwlrq idfwru iru d vlpsoh k|0
srwkhvlv rq q lq wkh frlqwhjudwlrq prgho1 Lq wkh suhvhqw sdshu zh qg d fru0
uhfwlrq wr wkh mrlqw whvw ri udqn dqg q/ 2*L}u-EP￿mP￿c e| ghulylqj dq
h{sdqvlrq ri wkh h{shfwdwlrq dqg qdoo| zh qg wkh uhtxluhg dssur{lpdwlrq wr
wkh h{shfwdwlrq ri wkh whvw iru frlqwhjudwlqj udqn e| vxewudfwlrq1 Wkh uhdvrq iru
lqwurgxflqj wkh prgho P￿ lv wkdw xqghu wkh qxoo k|srwkhvlv hvwlpdwlrq ri +53,
lv d vlpsoh uhjuhvvlrq/ zklfk idflolwdwhv wkh fdofxodwlrqv/ dqg lqwurgxflqj P￿
dyrlgv dq h{sdqvlrq ri wkh hljhqydoxhv hqwhulqj lqwr wkh wudfh vwdwlvwlf/ vlqfh zh
fdq xvh suhylrxv uhvxowv rq whvw iru q
814 D uhsdudphwul}dwlrq ri P4
Lw lv ri frxuvh hdv| wr ghulyh wkh whvw vwdwlvwlf ri P￿ lq P￿c dsso|lqj wkh xvxdo






Zh zdqw wr fdofxodwh wkh h{shfwdwlrq ri +54, iru d jlyhq ydoxh ri wkh sdudphwhuv
kfcq
fc hwf1 zklfk zh fdoo wkh wuxh ydoxh1 Lq rughu wr jhw pruh pdqdjhdeoh
h{suhvvlrqv zh lqwurgxfh d qhz sdudphwul}dwlrq dqg uhjuhvvruv xvlqj wkh wuxh
ydoxh ri wkh sdudphwhuv/ dv lq Mrkdqvhq +5333,1













dqg qrwh wkdw xqghu wkh qxoo/ zkhuh udqnEkf'udqnEq





























f_ | 3 ￿nk
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f ￿( | 3 ￿ngc
zkhuh g ghshqgv rq lqlwldo frqglwlrqv dqg q





















4:vlqfh EU?  fKfq
f
z 'f cwkdw zh fdq fkrrvh qhz sdudphwhuv dv ixqfwlrqv ri
wkh rog

￿ ' E U ?   f K f  7 q





z c E ?  E ?  o 
B
￿
2 ' 4￿  
￿4f￿ E?  




















Wkh qxoo k|srwkhvlv P￿ lv h{suhvvhg dv B 'f czklfk lv fohduo| htxlydohqw wr
'
￿q
f ￿dqg 4￿ ' 
￿4f￿



















e fe|3￿ ' q
f￿f|3￿ n 4f￿(|
Xqghu wkh qxoo k|srwkhvlv P￿c zkhuh wkh udqn lv oc dqg q
f dqg 4f duh
nqrzq/ lw krogv wkdw q
f￿f|3￿ n 4f￿(| dqg {f| kdyh d phdq wkdw lv olqhdu lq _|1
Vlqfh x hqwhuv xquhvwulfwhg/ zh fdq uhsodfh wkh uhjuhvvruv q
f￿f|3￿ n 4f￿(| dqg
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zKff|3￿ dqg (| e|
vrphwklqj vlpsohu zlwkrxw fkdqjlqj wkh vwdwlvwlfdo prgho dqg khqfh wkh whvw

































￿Ef|3￿3￿  f|3￿  f3￿nk
f ￿
z









zKff|3￿ dqg (| e| wkh qrq vwdwlrqdu| uhjuhvvru

gf nE k f ￿
zl k f
z 3 ￿ * 2k f ￿
z
S | 3 ￿








ri glphqvlrq ?@ ' ?  o n cdqg zkhuh gf ghshqgv rq lqlwldo frqglwlrqv1 D






























?_3￿ dqg |3￿ '
S|3￿




ri glphqvlrq ?@ '
?  o Prgho htxdwlrq +55, lq wkh qhz yduldeohv dqg zlwk vxlwdeo| uhghqhg
















zkhuh wkh glphqvlrqv duh lqglfdwhg ehorz hdfk yduldeoh1 Wkh whvw iru P￿ lq
P￿ lv wkh whvw iru B 'flq +57,1 Wkh hvwlpdwruv iru wkh sdudphwhuv c Bc [c
xc dqg l duh irxqg e| uhjuhvvlrq ri {f| rq +T|3￿c |3￿c~ |3￿c_ |c dqg xqghu
wkh k|srwkhvlv B 'fwkh sdudphwhuv fdq eh irxqg e| uhjuhvvlrq ri {f| rq
+T|3￿c~ |3￿c_ |















vhh htxdwlrq +47, lq Mrkdqvhq +5333,/ dqg wkh whvw iru P￿ lq P￿ lv wkh whvw iru
B 'flq +58,1
Wklv irupxodwlrq fryhuv erwk wkh fdvh (| ' |?_ dqg (| 'f 
815 Wkh olnholkrrg udwlr whvw dqg lwv h{sdqvlrq
Zh ghqh wkh surgxfw prphqw pdwulfhv ￿￿ iru wkh yduldeohv {f|c0 |cdqg _|































|’￿EL|mf|ET|mf|￿ ' ￿￿  ￿%3￿
%% %￿c
dqg lq sduwlfxodu zh xvh d qrwdwlrq iru wkh prphqw pdwulfhv fruuhfwhg iru wkh
odjjhg glhuhqfhv ~|3￿ dqg _|/ vlqfh pdq| uhvxowv orrn d elw vlpsohu wklv zd|/
dqg vrph uhvxowv fdq eh wdnhq iurp Mrkdqvhq +5333,
7￿￿ ' ￿￿￿5c_ ' ￿￿  ￿_
3￿
__ _￿  ￿5￿_
3￿
55￿_5￿￿_
Wkhvh prphqw pdwulfhv dsshdu qdwxudoo| zkhq wkh olnholkrrg ixqfwlrq lv frq0
fhqwudwhg zlwk uhvshfw wr [ dqg x1
Wkh olnholkrrg udwlr whvw ri P￿ lq P￿ lv wkh whvw wkdw B 'f czklfk lv













zklfk lv mxvw dqrwkhu h{suhvvlrq iru +54,/ exw jlyhq lq whupv ri surfhvvhv wkdw














Zh xvh wklv h{suhvvlrq ghulyhg iurp +57, frpelqhg zlwk d vlplodu h{suhv0
vlrq iurp Mrkdqvhq +5333, iru 2orju-EP￿mP2 g h u l y h gi u r p+ 5 8 ,w r q g
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53Wkh surri zloo eh jlyhq lq wkh Dsshqgl{1 E| d ghwdlohg dqdo|vlv ri wkhvh
whupv rqh fdq wkhq qg dq h{suhvvlrq iru wkh h{shfwdwlrq ri 2*L}u-EP2mP￿
dqg khqfh suryh Wkhruhp 4 dqg khqfh Fruroodu| 51
9 Frqfoxvlrq
D ghwdlohg dqdo|vlv ri wkh Wd|oru*v h{sdqvlrq ri wkh wudfh vwdwlvwlf jlyhv dq
dssur{lpdwlrq ri lwv h{shfwdwlrq/ zklfk lv xvhg iru d fruuhfwlrq idfwru ri wkh
irup
@EAc?Kc? _E n A
3￿KE?Kc? _cw
D qxphulfdo dssur{lpdwlrq wr @EAc?Kc? _ lv irxqg e| vlpxodwlrq dqg d frp0
sxwdeoh irupxod iru KE?Kc? _cwlv jlyhq1
D jhqhudo frqfoxvlrq iurp wkh vlpxodwlrq h{shulphqwv lv wkdw dv w ds0
surdfkhv d erxqgdu| srlqw/ zkhuh wkh frlqwhjudwlrq dqg lqwhjudwlrq surshuwlhv
fkdqjh/ wkh vl}h ri d qrplqdo 8( whvw whqgv wr rqh/ dqg wkh fruuhfwhg vl}h whqgv
wr }hur/ vlqfh wkh fruuhfwlrq idfwru kdv d vlqjxodulw| dw wkdw srlqw1
Wkurxjkrxw/ krzhyhu/ wkh fruuhfwhg vl}h lv forvhu wr wkh qrplqdo ydoxh/
vr wkhuh vhhpv wr eh dq odujh duhd ri wkh sdudphwhu vsdfh zkhuh wkh fruuhfwlrq
dsshduv wr eh d xvhixo vxssohphqw wr wkh wrro er{ iru wkh dqdo|vlv ri frlqwhjudwhg
v|vwhpv1
: Dfnqrzohgjphqw
Glvfxvvlrqv zlwk Ehqw Qlhovhq dqg Khquln Kdqvhq kdyh ehhq h{wuhpho| xvh0
ixo iru wkh uhvxowv ri wklv sdshu/ dqg Khquln Kdqvhq kdv khoshg ph fkhfnlqj
wkh fdofxodwlrqv lqyroyhg lq wkh dssur{lpdwlrq ri wkh prphqwv @EAc?oc? _dqg
E?oc? _1
; Uhihuhqfhv
Dedglu/ N1 P1/ Kdgul N1/ dqg W}dydolv/ H1 +4<<<,/ Wkh lq xhqfh ri YDU
glphqvlrq rq hvwlpdwru eldvhv/ Hfrqrphwulfd 9:/ 49604;41
54Dkq/ V1 N1 dqg Uhlqvho/ F1 J1 +4<<3,/ Hvwlpdwlrq iru sduwldoo| qrq0vwdwlrqdu|
pxowlyduldwh dxwruhjuhvvlyh prghov/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfl0
dwlrq ;8/ ;460;561
Dqghuvrq/ W1 Z1 +4<84,/ Hvwlpdwlqj olqhdu uhvwulfwlrqv rq uhjuhvvlrq frhi0
flhqwv iru pxowlyduldwh qrupdo glvwulexwlrqv/ Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv
55/ 65:06841
Eduwohww/ P1 V1 +4<6:,/ Surshuwlhv ri vx!flhqf| dqg vwdwlvwlfdo whvwv/ Sur0
fhhglqj ri wkh Ur|do Vrflhw| ri Orqgrq Vhulhv D/ Yro1 493/ 59;05;51
Edvx/ G1 +4<88,/ Rq vwdwlvwlfv lqghshqghqw ri d frpsohwh vx!flhqw vwdwlv0
wlf/ Vdqnk| d 48/ 6::06;31
Eudyr/ I1 +4<<;,/ D fruuhfwlrq idfwru iru xqlw urrw whvw vwdwlvwlfv/ Glvfxv0
vlrq sdshu Qr1 <;3</ Xqlyhuvlw| ri Vrxwkdpswrq1
Fkhxqj/ \0Z/ dqg Odl/ N1 V1 +4<<6,/ Ilqlwh vdpsoh vl}hv ri Mrkdqvhqv olnh0
olkrrg udwlr whvwv iru frlqwhjudwlrq/ R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv
88/ 6460 651
Jrq}dor/ M1 dqg Slwdudnlv/ M10\1 +4<<<,/ Glphqvlrqdolw| hhfw lq frlq0
whjudwlrq dqdo|vlv/ lq Frlqwhjudwlrq/ Fdxvdolw| dqg Iruhfdvwlqj= Ihvwvfkuliw lq
Krqrxu ri Folyh Judqjhu/U 1I 1H q j o hd q gK 1Z k l w h+ h g v 1 , /R { i r u gX q l y h u v l w |
Suhvv/ R{irug1
Kdqvhq/ K1 dqg Udkehn/ D1 F1 +5333,/ Dssur{lpdwh frqglwlrqdo xqlw urrw
lqihuhqfh/ Glvfxvvlrq sdshu/ Xqlyhuvlw| ri Frshqkdjhq1
Kdxj/ D1 D1 +4<<9,/ Whvwv iru frlqwhjudwlrq= D Prqwh Fduor frpsdulvrq/
Mrxuqdo ri Hfrqrphwulfv :4/ ;<0448
Mhqvhq/ M1 O dqg Zrrg/ D1 W1 D1 +4<<:,/ Rq wkh qrq0h{lvwhqfh ri d Eduwohww
fruuhfwlrq iru xqlw urrw whvwv/ Vwdwlvwlfv dqg Suredelolw| Ohwwhuv 68/ 4;404;:1
Mrkdqvhq/ V1 +4<;;,/ Vwdwlvwlfdo Dqdo|vlv ri Frlqwhjudwlrq Yhfwruv/ Mrxuqdo
ri Hfrqrplf G|qdplfv dqg Frqwuro 45/ 5645871
Mrkdqvhq/ V1 +4<<9,/ Olnholkrrg0edvhg lqihuhqfh lq frlqwhjudwhg yhfwru dx0
wruhjuhvvlyh prghov/ R{irug Xqlyhuvlw| Suhvv/ R{irug1
Mrkdqvhq/ V1 +5333,/ Wkh Eduwohww fruuhfwlrq ri wkh whvw iru udqn lq wkh
frlqwhjudwhg yhfwru dxwruhjuhvvlyh prgho/ +iruwkfrplqj Hfrqrphwulf Wkhru|,
Oduvvrq/ U1 +4<<;d,/ Eduwohww fruuhfwlrqv iru xqlw urrw whvw vwdwlvwlfv/ Mrxu0
qdo ri Wlphv Vhulhv Dqdo|vlv 4</ 759076;1
Oduvvrq/ U1 +4<<;e,/ Glvwulexwlrq dssur{lpdwlrq ri xqlw urrw whvw lq dx0
wruhjuhvvlyh prghov/ Hfrqrphwulfv Mrxuqdo 4/ 430591
55Odzoh|/ G1 Q1 +4<89,/ D jhqhudo phwkrg iru dssur{lpdwlqj wr wkh glvwul0
exwlrq ri olnholkrrg udwlr fulwhuld/ Elrphwulnd 76/ 5<906361
Qlhovhq/ E1 +4<<:d,/ Eduwohww fruuhfwlrq ri wkh xqlw urrw whvw lq dxwruhjuhv0
vlyh prghov/ Elrphwulnd ;7/ 83308371
Qlhovhq/ E1 +4<<:e,/ Rq wkh glvwulexwlrq ri whvwv iru frlqwhjudwlrq udqn/
Glvfxvvlrq Sdshu Qr1 446/ Qx!hog Froohjh/ R{irug1
Uhlphuv/ K10H1 +4<<5,/ Frpsdulvrq ri whvwv iru pxowlyduldwh frlqwhjudwlrq/
Vwdwlvwlfdo Sdshuv 66/ 668068<1
Wrgd/ K1 \1 +4<<8,/ Ilqlwh vdpsoh shuirupdqfh ri olnholkrrg udwlr whvwv
iru frlqwhjudwlqj udqn lq yhfwru dxwruhjuhvvlrqv/ Hfrqrphwulf Wkhru| 44/ 43480
43651
< Dsshqgl{
<14 Surri ri Wkhruhp 6
Surri1 Zh vwduw e| h{sdqglqj wkh pdwul{ 'c vhh +59,/ e| lqwurgxflqj wkh
yduldeohv L| dqg |c vhh +8, dqg +9,/ dqg qg























' |oi'￿ n '2jc
vxfk wkdw iurp +59, zh qg
2*L}u-EP￿mP￿






Wkh whup '2 fdq eh uhzulwwhq dv iroorzv
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56Khqfh wkh whup/ '22c lq +5;, ehfrphv










































































Vxewudfwlqj wklv uhvxow iurp +5<,/ zh kdyh qlvkhg wkh surri ri wkh h{sdqvlrq
lq Wkhruhp 61
<15 Dv|pswrwlf prphqwv
Wkh qh{w Ohppd frqwdlqv wkh uhvxowv derxw surgxfw prphqwv wkdw fdq eh xvhg
wr hydoxdwh wkh ydulrxv whupv lq wkh h{sdqvlrq ri wkh olnholkrrg udwlr whvw1 Zh








ri glphqvlrq ?K ' ?  o Vxlwdeo| qrupdol}hg wkh surfhvv dAroc vhh +56,/ frq0
yhujhv wr d olplw 8Erc zklfk ghshqgv rq `Er dqg wkh ghwhuplqlvwlf whupv1
Wkh olplw ri wkh prphqwv fdq eh h{suhvvhg lq whupv ri ` dqg 8
57Ohppd 7 Ohw (| ' |?_c x_| '
S?_3￿
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￿E ? Kc? _
 eE? Kc? _' ￿
￿E ? Kc? _ ￿E? Kc? _
fdq eh h{suhvvhg vlploduo|1 Iru  ' ccSc wkh pdwulfhv olpA.d￿o duh sur0
sruwlrqdo wr wkh lghqwlw| pdwul{ vxfk wkdw iru dq| pdwul{ g zh kdyh
.d|oi￿gjo $ 6￿E?Kc? _?
3￿
K |oigjc +65,
zkhuh zh ghqh wkh frh!flhqwv 6￿E?Kc? _ ' *4A .d|oi￿jo
Ilqdoo| wkh uhodwlrq
.de  2D  ?KSo $ fc +66,
kdv ehhq yhulhg e| vlpxodwlrq iru ?_ 'f c c2 
Li _| ' (| 'f cwkhvh uhvxowv krog zlwk 8 ' `c dqg C'U ? K
Surri1 Wkh uhvxowv +63, dqg +64, iroorz iurp vwdqgdug uhvxowv derxw
Eurzqldq prwlrq1 Qrwh wkdw D lv glhuhqw iurp wkh rwkhu prphqwv1 Lw kdv d
frqvwdqw phdq exw d yduldqfh wkdw jurzv olnh Ac zklfk pdnhv +66, gl!fxow dqg
wlph frqvxplqj wr fkhfn1
Wr suryh +65, zh ohw ME` eh dq| ri wkh olplw ixqfwlrqdov jlyhq lq +64,1




58zklfk kdv wkh vdph glvwulexwlrq dv ME`c dqg khqfh wkh vdph h{shfwdwlrq1
Wkxv .dME`o lv lqyduldqw xqghu ruwkrjrqdo wudqvirupdwlrqv dqg khqfh sursru0































Lw lv vhhq wkdw `K ' `c ` ￿c`KKc`K￿
￿ c`KK
￿ c duh doo pxwxdoo| lqghshqghqw
dqg khqfh wkdw ` KKc`K￿
￿ c`KK
￿ ccduh lqghshqghqw ri wkh olplwv lqyroylqj ` K
dqg ` ￿1
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e| @Kc iru &	f 
Ohppd 8
A
3￿.EK++K $ |oiPjU?K +68,
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Wkh uhvxowv +6:, dqg +6;, iroorz e| vlplodu fdofxodwlrqv1
Surri ri +6<,= Zh qg































Wklv jlyhv d frqwulexwlrq li r    ',dqg r  &  ',6 czklfk



























Khuh zh jhw d frqwulexwlrq li r    ',6 cdqg , ' r  &  c zklfk

























Khuh zh jhw d frqwulexwlrq iru r    ',6dqg r  &  ',c zklfk
lpsolhv  ' & nn6dqg iru r    ',dqg r  &  ',6 czklfk
lpsolhv & '  n 6 n Khqfh
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 ￿j 
Dgglqj wkh frqwulexwlrqv iurp ￿c 2cdqg ￿c zh qg wkh uhvxow +6<,1
Surri ri +73,= Wkh olplw ri A 3￿*2E++  AU?+ dqg A 3￿*2+K lqyroyh wkh
Eurzqldq prwlrqv ` KK dqg ` K￿c zkhuhdv wkh olplw ri K@3￿
@@ @+ lqyroyhv `K
dqg ` ￿c vhh +67,
Surri ri +74,= Wkh olplw ri 
3￿*2
@@ @+ lv jlyhq e|

3￿*2
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￿_r n _`rcf  r  c +75,
zkhuh `r lv vwdqgdug Eurzqldq prwlrq1 Zh ghqh wkh vwdwlvwlfv 7￿ '
U ￿
f r￿_`Erc





























Wkh vwdwlvwlf 7 'E 7 f cc7 ? _3￿ lv pxowlyduldwh Jdxvvldq dqg plqlpdo vxi0
flhqw dqg frpsohwh iru wkh sdudphwhuv fcc ? _3￿ Zh qh{w zdqw wr suryh
wkdw M lv dqfloodu|/ dqg lw iroorzv wkdw lw lv lqghshqghqw ri 7 e| Edvx*v wkhruhp/
vhh Edvx +4<88,1
E| lqwhjudwlqj +75, lw lv vhhq wkdw wkh
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Wkh vwdwlvwlf M lv lqyduldqw xqghu wkh olqhdu wudqvirupdwlrq/ vxfk wkdw doo sd0

































vlqfh 8 lv ruwkrjrqdo wr ccr ? _3￿Wkxv wkh vwdwlvwlf M lv dqfloodu| dqg khqfh
lqghshqghqw ri 7fccc7 ? _3￿1 Wkh vdph surri fdq eh xvhg iru Mn





@@ @K f d qe hh { s u h v v h gl qw h u p vr iMdqg Mn
<16 Surri ri Wkhruhp 4
Surri1 Zh dsso| wkh h{sdqvlrq iurp Wkhruhp 6/ dqg zh qg wkdw wkh odvw yh
whupv duh fdofxodwhg lq Mrkdqvhq +5333/ surri ri Wkhruhp 7,1 Lw lv vkrzq wkhuh
5<wkdw wkh wrwdo frqwulexwlrq ri wkhvh whupv lv
E?  oE?  o n   wc +76,
zkhuh w ' |oiw









Wkh vhfrqg whup lq +77, lv hdv| ehfdxvh ri wkh idfwru A 3￿c dqg zh qg wkh
hydoxdwlrqv
7@@￿￿ ' @@￿+c_ ' @@  @+￿_
3￿
++￿_+@￿_ ' @@ n ￿EA 3￿@@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3￿
++￿_+K￿_ ' @K n ￿E@KA 3 ￿
2c
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z k h u hz hk d y hx v h gw k d w @_ 'f cvlqfh |3￿ kdv ehhq ruwkrjrqdol}hg rq _|
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
+79,



















63zklfk lv wkh pdlq whup lq Wkhruhp 41
Iru wkh uhpdlqlqj whupv lq +79, zh fdq suryh zlwk
w ' |oiTwjc ￿ '|oiT￿jcw '|oiwEfP
3￿jc￿ '|oi￿EfP
3￿j
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f ' |oi.d￿ojw n |oi.deo
￿P3￿jc








f 'E ?  o n  E ?o  wnE ?o |oi.dSo
￿P3￿jc
zkhuh 
￿P3￿ lv jlyhq e| +;, dqg T e| +4<,1 Dgglqj wkhvh frqwulexwlrqv zh
qrwh wkdw wkh uvw whup lq .dgeo fdqfhov +76, dqg qg wkh uhvxow lq Wkhruhp 41
Wkh qdo sduw ri wklv surri frqwdlqv d ghwdlohg hydoxdwlrq ri wkh whupv
.dg￿occ.dg eoclq rughu wr suryh wkhvh uhodwlrqv1
N4
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 w 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2 |oiP3￿ S"
￿’f wEj 'E |oiTwj n |oiwEfj' E  w n  w 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2 |oiP3￿ S"
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' 2|oi@+EU?+  EU?+  A 3￿++￿_3￿E+K +_
3￿
__ _K
EU?K  EU?K  A 3￿KK￿_3￿K@j
' 2|oi@++KK@j n2 A3 ￿|oi@+E++￿_ AU ? + +KK@j
2|oi@++_
3￿
__ _KK@j n2 A3 ￿|oi@++KEKK￿_  AU?K K@j
' g￿￿ n g￿2 n g￿￿ n g￿e
64Lq wkh iroorzlqj zh dozd|v qg wkh h{shfwdwlrq e| uvw frqglwlrqlqj rq
wkh shupdqhqw vkrfnv |1 Wklv pdnhv wkh hydoxdwlrq ri wkh h{shfwdwlrqv hdvlhu
dqg vhsdudwhv wkh idfwruv gxh wr wkh frpprq wuhqgv dqg wkrvh gxh wr wkh




























rK@jo'g ￿￿￿ n g￿￿2



















zkhuh zh kdyh uhsodfhg
S
| |3￿￿
|3￿n￿ zlwk @K li    dqg 
n
@K lv : Zh







' |oi.d￿ojEw n w  |oi.d￿ojEw  w
Lq wkh whup g￿￿2 zh zulwh





















' g￿￿2￿ n g￿￿22

































Iru wkh qh{w whup zh qg d frqwulexwlrq iru |6 ' rc|'r c
vxfk wkdw  ' 6 n /w k d wl v	 Zh wkhq jhw






























￿’f ￿E n 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f '  E  ￿￿E|oi.d￿oj|oi.d￿oj
Dgglqj wkh frqwulexwlrqv zh qg/ vhh +7:,/
.dg￿￿o
f ' 2|oi.dDo
￿j6 ￿E  wnw ￿n￿
 6 ￿E  wwn ￿￿ 
+7;,
N￿2
Zh fdq uhsodfh ++￿_ e| ++ dqg qg iurp +6<,
.dg￿2o
f '2 . d |oi@+E++ AU? + +K
3￿
KK K@jo
f '2 A 3 ￿ |oi.dE++ AU ?+ +Ko.dK@@+oj
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__ K@o'g ￿￿￿ n g￿￿2
66Iru g￿￿￿ zh qg d frqwulexwlrq iru |    ',6G

























vlqfh @_ 'f Zh kdyh xvhg wkh uhodwlrq _￿
|3￿n6 ' _￿
|u￿63￿c iru d pdwul{ zklfk
lv orzhu wuldqjxodu zlwk 4 lq wkh gldjrqdo1 Wklv krogv vlqfh _| 'E  cc| ? _3￿
Iru g￿￿2 zh jhw






















ehfdxvh K_ lv dv|pswrwlfdoo| lqghshqghqw ri K@
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3 ￿|oi@++KEKK￿_  AU ? K K@j
Wklv whup kdv wkh vdph vwrfkdvwlf frpsrqhqwv dv g￿￿c dqg lv ri orzhu rughu ri
pdjqlwxgh/ vxfk wkdw
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